Abstract. We consider transmission problems for general second order linear hyperbolic systems having piecewise constant coe cients in a bounded, open connected set with smooth boundary and controlled through the Dirichlet boundary condition. It is proved that such a s y stem is exactly controllable in an appropriate function space provided the interfaces where the coe cients have a jump discontinuity are all star-shaped with respect to one and the same point and the coe cients satisfy a certain monotonicity condition.
Introduction and main results
Let , 1 be bounded, open, connected sets in R n with smooth boundaries ; and ; 1 , respectively, s u c h that 1 , and set 2 = n 1 , whose boundary is ; 2 = ; ; 1 . Let m and n be positive i n tegers. For i k = 1 : : : m , f o r j `= 1 : : : nand for = 1 2, let a ijk` be real numbers having the symmetry a ijk` = a k`ij = 1 2 i k = 1 : : : m j `= 1 : : : n : (1.1) When m = n we further assume that a ijk` = a jik` = a ij`k = 1 2 i j k `= 1 : : : n : (1. 2)
The a ijk` are also assumed to satisfy the following ellipticity condition: . . . w 2m 1 C A be vector functions de ned on the cylinders Q 1 = 1 (0 T ) a n d Q 2 = 2 (0 T ), respectively. W e s e t = ; (0 T ) and 1 = ; 1 (0 T ) and consider the following problem of transmission:
( w 1i ; a ijk1 w 1k `j = 0in Q 1 w 2i ; a ijk2 w 2k `j = 0in Q 2 i = 1 : : : m (1.5) where _= @=@tand where a subscript following a comma indicates di erentiation with respect to the corresponding spatial variable W 2 = U on (1.6) w 1i = w 2i a ijk1 w 1k ` j = a ijk2 w 2k ` j on 1 i = 1 : : : m (1.7) where = ( 1 : : : n ) is the unit normal to ; 1 pointing into 1 (and towards the exterior of 2 ), W j t=0 = _ W j t=0 = 0in , = 1 2:
(1.8)
The function U in (1.6) is viewed as a control function which i s c hosen to e ect the evolution of the dynamics. More precisely, w e consider below the reachability problem, which is to determine the set
where U is an appropriate space of controls.
The question of boundary controllability in problems of transmission has been considered by s e v eral authors. In particular, J.-L. Lions considered the system (1.5) - (1.8) w j t=0 = _ w j t=0 = 0in , = 1 2:
(1.12) For this problem the following result is proved in 5, Chapter VI]. Theorem 1.1. Assume that ; 1 is star-shaped with respect to some point x 0 2 1 and set ;(x 0 ) = fx 2 ;j (x ; x 0 ) > 0g, (x 0 ) = ; ( x 0 ) (0 T ), where is the unit outer normal to ;. L et R T = f(w 1 (T) w 2 (T) _ w 1 (T) _ w 2 (T)) : u 2 L 2 ( ) u = 0 on n (x 0 )g: If a 1 > a 2 and T > T (x 0 ) : = 2 R(x 0 )= p a 2 , w h e r e R(x 0 ) = max x2 2 jx; x 0 j, then R T = H V 0 where H = L 2 ( 1 ) L 2 ( 2 ) V = f(' 1 ' 2 ) 2 H 1 ( 1 ) H 1 ( 2 ) : ' 2 j ; = 0 ' 1 j ; 1 = ' 2 j ; 1 g:
The main purpose of this paper is prove the following generalization of Theorem 1.1 to the system (1. 
a ijk1 ij k` a ijk2 ij k` 8( ij ) 2 R m n m 6 = n a ijk1 ij k` a ijk2 ij k` 8( ij ) 2 S n m = n (1.14) and if
2R 1 ; a j1 w 1 j`i n Q 1 w 2 ; a j2 w 2 j`i n Q 2 where a j` = a`j . I f w e set A = ( a j` ), the condition (1.14) with m = 1 < n becomes the requirement that the matrix A 1 ; A 2 be positive semide nite. The control time T(x 0 ) is given by 2 R(x 0 )= p jA 2 j, w h e r e jA 2 j = inf 06 = 2R n A 2 j j 2 :
In particular, if A = a I, w h e r e I is the identity matrix in R n , w e r e c o ver a iijj = i 6 = j = 1 2 3 and therefore for ( ij ) 2 S 3 we h a ve
In the same way, the monotonicity condition (1.14) (with strict inequality) will be satis ed if Let us brie y recount other works on boundary controllability in problems of transmission or, more generally, i n interface p r oblems. These works are for the most part disjoint from the present p a p e r . F or one-dimensional interface problems (for example, string or beam equations on one-dimensional graphs in R 3 ), one may refer to 3] for a comprehensive analysis of the reachability problem utilizing controls supported at the nodes of the graph. These systems, however, do not generally fall within the framework of the problem (1.5) -(1.8). F or higher dimensional systems, one may c i t e 2 ], where boundary controllability in transmissions problems for the Reissner-Mindlin system of thin plate theory is considered. This system consists of two c o upled second order equations with constant coe cients but with lower order terms as well, so they too fall outside of the scope of the present w ork. There are also several works dealing with boundary controllability in problems of transmission or in interface problems for the wave equation in the singular case. If, for example, ; 1 \ ; 6 = in the problem (1.9) -(1.12) above, the solution will generally su er a loss of regularity in a neighborhood of points belonging to this set. In this case the proof technique for Theorem 1.1 given in 5] fails that is the reason for the assumption 1 . In the singular case, we can refer to two recent papers of S. Nicaise 6] , 7], where the question of exact boundary controllability f o r t h e w ave e q u a t i o n o n t wo-dimensional networks in R n is treated. In these papers it is shown, among other things, that a result analogous to Theorem 1.1 may be obtained provided that, in addition to boundary controls, controls are also imposed near the singular vertices. The reader is referred to the cited papers for the precise statements of Nicaise's results. References to other works related to the topic of the present paper may be found in the bibliographies of the books and papers cited above. Then the solution of (2.2) -(2.5) satis es the following identity:
Proof. The proof utilizes classical multipliers. Form From the symmetry property ( 1 . 1 ) w e obtain a ijk` ' k `' i pj = 1 2 (a ijk` ' k `' i j ) p and therefore
We then obtain from (2.8) -(2.10) the identity 
To complete the proof we need to show that the last two i n tegrals in (2.12) agree with the last integral in (2.7).
Consider the last integral in (2.12). B y c hoosing suitable extensions of 1 and 2 we m a y assume that ' i 2 H 2 ( ) for = 1 2 and i = 1 : : : n . If the last expression is subtracted from the preceding one we obtain a ijk1 ' 1k `'1i j ; a ijk2 ' 2k `'2i j = ( a ijk1 ; a ijk2 )' 1k `'2i j + 2 a ijk2 ' 2k ` j @' 1i @ ; @' 2i @ on 1 (2.15)
where we h a ve used the symmetry property (1.1) and the second transmission condition in (2.4). I t f o l l o ws from (2.13) and (2.15) that 1 2
We use (2.14) once again to obtain on 1
(2.17) Now substitute (2.17) into (2.16). Proof. By density it su ces to prove (2.18) for ( 0 1 ) 2 D(A) V . S i n c e ; and ; 1 are smooth, there is a vector eld h 2 C 1 ( )] n such that h = on ; and h = 0 on ; 1 (see Komornik 1, Lemma 2.1]). We utilize this vector eld in (2.7) and observe that the left side of (2.7) is bounded above i n absolute value by
in view of (2.6). 
